Abstract: Space-based inflatable technology is of current interest to NASA and DOD, and in particular to the Air Force and Phillips Laboratory. Potentially large gains in lowering launch costs, through reductions in structure mass and volume, are driving this activity. Diverse groups are researching and developing this technology for radio and radar antennae, optical telescopes, and solar power and propulsion applications. Regardless of the use, one common requirement for successful application is the accuracy of the inflated surface shape. The work reported here concerns the shape control of an inflated thin circular disk through use of a nonlinear finite element analysis. First, a review of the important associated Hencky problem is given. Then we discuss a shape modification, achieved through enforced boundary displacements, which resulted in moving the inflated shape towards a desired parabolic profile. Minimization of the figure error is discussed and conclusions are drawn.
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After a brief history in space over four decades ago, a resurgence of interest in membrane structures for extraterrestrial use is developing. Applications for such structures range from planar configurations in solar sails, concentrators, and shields, to inflatable lenticulars for radar, radio, and optical uses. Three key factors are paramount for the success and user acceptance of this technology: deployment, longevity, and performance. Performance hinges critically on the precision of the membrane surface. The amount of precision is highly mission dependent, and may entail one or more of the following issues: surface smoothness, deviation from desired surface profile, and slope error. Parabolic profiles are most commonly desired. The most prominent systemic error found in circular inflated or vacuumed membranes is a spherical aberration. This aberration is often (C) 1997 OSA 24 November 1997 / Vol. 1, No. 11 / OPTICS EXPRESSreferred to as a "W-profile error," which is a measure of the deviation of the actual surface from that of the desired configuration. For example, the AF Phillips Laboratory has recently undertaken the task of creating a large optical quality membrane telescope. The membranes on these telescopes will range in thickness from 10 -150 micrometers. The maximum acceptable peak-to-peak figure error over the entire surface will range from 10 -20 micrometers. (This value assumes that a certain amount of adaptive optics will be used to correct image errors.). This paper will discuss a particular means for reducing the figure error.
We begin by first reviewing the problem of the inflation of an initially plane, circular membrane, with deformations limited to those that admit only small strains but moderately large rotations. (We purposefully exclude here any consideration of the associated problems of the inflation of annular membranes or circular plates, or of large strain deformation.
[1], [2] ) Next we discuss the particular requirements of a precision membrane reflector. Then we use finite element analysis to demonstrate the effects of boundary (rim) control on the deformed shape of an inflated circular membrane. Finally we discuss results and draw conclusions.
Review of the Hencky problem is in order. Consider the geometry of Figure 1 , which represents a plane elastic sheet, with circular boundary of radius a. The geometry is rotationally symmetric (axisymmetric); we also assume the loading to be a symmetric pressure p. The sheet has modulus E and Poisson's ratio n. The problem of the inflation of an initially plane membrane with circular boundary begins with Hencky. [3] Earlier, Föppl [4] had arrived at equilibrium equations for a membrane plate. These equations were essentially modified von Kármán plate equations [5] with the bending rigidity set to zero. The von Kármán plate equations are based upon strains which have nonlinearity introduced through rotations (squares of slope):
where u and w are displacements in the r and z directions, respectively. The von Kármán plate equations in axisymmetric form can be written as:
where D = Eh
) is the bending rigidity, and φ is a stress function to which the stress resultants in the radial and circumferential direction are related respectively by:
Linear elastic constitutive relations are assumed. It is important to note that the above equations are not geometrically exact, in that small angle assumptions have been made. Hencky provided a solution of the above for the case of zero boundary displacements (u = 0 = w at r = a) and D = 0 by assuming power series for stresses and transverse displacement. Little interest in the Hencky problem seems to have taken place until the 1940's, when, in conjunction with a study on air-supported roofs, Stevens [6] performed an experimental investigation on a 10 inch radius by 0.014 inch thick cellulose acetate butyrate inflated circular membrane. Steven's compared his results for the deflected membrane shape (which were apparently empirical in nature) with Hencky's. Apparently Chien [7] provided slight corrections to Hencky's solutions for maximum values of stress and transverse deflection. [8] Cambell [9] allowed an arbitrary initial tension in the membrane. Dickey [10] reexamined the Hencky problem, this time using a nonlinear integral equation formulation. Dickey provided a plot of u(r) for various values of the Poisson's ratio. Weil and Newmark [11] provide some experimental evidence that validate Dickey's predictions. We discuss later the important relationship of u(r) with the surface precision.
Kao and Perrone [12] used a relaxation method, developed earlier by Shaw and Perrone Thomas and Veal [22] report on the surface precision measurements of membrane reflector, with various gore seaming configurations. They suggest that an rms surface error of 1 mm is suitable for membrane reflectors with frequency applications less than 15 Ghz. Plotting the deviation of the actual membrane surface from that of a true parabola results in a "W-shaped For many of these applications, particularly those involved with communications, imaging, power, and propulsion, accurate maintenance of the inflatable surface shape is critical. Surface accuracy requirements are wavelength dependent. Optics generally require a tenth of a wavelength or better to be considered adequate.
[34] The likelihood of achieving this range of accuracy by purely passive means is low.
It can be shown that the Hencky membrane never inflates identically to a parabola, absent other effects. Studies on varying the thickness distribution of the undeformed membrane to achieve either a parabolic [35] or spherical [36] profile upon inflation have shown that, in both of these cases, thickness must initially increase from center to edge in order to achieve either of these desired shapes. Natori et al. [37] showed that improvements toward the parabolic shape could be made by moving the boundary of initially curved beam strips. Our results presented below show that boundary manipulation can have beneficial impact on reducing the figure error in nonlinear membrane deformations.
[38], [39] In the FEM analysis that follows, we show that reductions in deviations of the inflated surface profile, from that of a desired parabola, can be achieved through boundary displacements. This is a precursor to more detailed studies on active profile control. ABAQUS was used for the FEM computation, while FEMAP was used for pre-and post-processing.
A quarter-symmetry model was used that consisted of 42 second-order shell elements (see comments below) and 177 nodes. (Note that for axisymmetric loading, only a "strip" of the disk needs to be modeled; however, for the boundary perturbation that follows, quarter-symmetry was required.) Figure 2 shows typical FEM results for the Hencky problem. Contours shown are for the radial stress component.
For the values of the parameters chosen here, viz., radius a = 21 in (53.3 cm), h = 0.005 in (0.13 mm), E = 500,000 psi (3.45 Mpa), and n = 0.4, and the bending rigidity D is extremely small (0.0062 lb×in), the disk is essentially a membrane. This can be demonstrated by comparing the deformed profiles using both pinned and clamped boundary conditions. There is no discernible difference between the two cases, since the bending rigidity is of insufficient value to enforce the zero-slope (clamped) boundary condition. Hence in what follows, we use shell finite elements, since these provide us with a richer array of choices in ABAQUS; pinned boundary conditions are used.
When analyzing this class of structures it is convenient to take as the solution to (3) and (4) 
where w 0 is the deflection at r = 0, and a 2 and a 4 are constants which satisfy the boundary conditions. Using the membrane assumption and ν = 0.4, the central deflection w 0 can be shown to be [Hencky, 1915] :
In the present case, the boundary conditions (at r = a) are given by the displacement w = 0, and either one of the following two equivalent conditions:
Note that (9) implies D ≠ 0. Taking the assumed deflected shape (7) and substituting into the above boundary conditions leads to the following expressions for the αs: α ν 
Note that (11) and (12) 
The equivalent parabola would be given by:
(15) Figure 4 shows the displacement u(r); note the asymmetry in the distribution. Boundary perturbations via radial displacements are now imposed on the FEM model after the inflation step. These displacements occur at the 0, 45, and/or 90 degree positions around the model boundary. The FEM model was perturbed with a 0.1 in (2.54 mm) outward radial displacements at each of the three angular positions. Note in figure 5 that the center deflection has decreased, and the radial stress has generally increased everywhere (disregarding the local stress concentrations at the displacement points). The model was utilized to predict the resulting shape with a 0.1 in radial outward displacements at the 0 and 90 degree positions. We review the results while looking along the 45 degree meridian, regardless of whether a displacement is applied at the corresponding boundary point or not. The deflected profile (at the 45 degree meridian) was compared for three cases: (i) inflation only without boundary displacements, (ii) boundary displacements at the 0, 45, and 90 degree positions, and (iii) boundary displacements at the 0 and 90 degree positions. The reduction in overall deflection is evident. (Note that for convenience, each profile is forced through the same position r = a. There is a small and insignificant error introduced here, since the imposed boundary displacement is much smaller than the radius itself.) Returning now to the "W" problem discussed above, Figure 5 shows the effect of boundary displacement on reducing the W-curve, where all data is taken along the 45 degree meridian. The 3 boundary displacements case shows the maximum reduction in the W-curve (displacement directly at 45 degree meridian); however, even with only 2 displacements (0 and 90 degrees), the W-error is reduced along the 45 degree meridian.
In conclusion the inflated membrane reflectors are formed from initial plane sheets, clamped in circular boundaries, and deformed into curved surfaces. It has been demonstrated that these surfaces are not true paraboloids. However, the deviation of the membrane profile from parabolic may be reduced by appropriate displacements at the boundary. From the examples shown above, the maximum deviation ranges from about 12.5% for the inflated only case, to a little over 7% for 3 boundary displacements, a 58% reduction. These results lay grounds for future investigations leading toward active control of reflector surfaces.
APPENDIX
It was shown that the coefficients in the equation for the surface profile w(r/a) are functions of Poisson's ratio. We note also that the membrane stiffness, k m It can be readily shown that at r = a, σ θ < σ r [e.g., see Stevens, 1944] , and hence the apparent Poisson's ratio here is less than one.
As the apex (r = 0) of the membrane is approached from r = a, (in deference to the singularity in the circumferential strain at r = 0), the circumferential strains (stresses) approach the radial strains (stresses) in value, and the apparent Poisson's ratio approaches unity.
We now form the ratio of membrane stiffness as 
That is, the membrane is locally stiffer at the apex than at the boundary. Since the displacement depends on the stiffness, the membrane stretches (hence deflects) proportionately more at the edge than at the center. This is the reason for the asymmetry in u(r) where, as seen in Figure 9 , u(r) is greater toward the boundary than toward the apex (u(r) is maximum at about 0.62 r/a). The above argument explains physically why the uniform membrane never inflates identically to a parabola, and why boundary displacements radially outward move the figure towards parabolic.
